We propose and analyze a new approach based on parity-time (PT ) symmetric microcavities with balanced gain and loss to enhance the performance of cavity-assisted metrology. We identify the conditions under which PT -symmetric microcavities allow to improve sensitivity beyond what is achievable in loss-only systems. We discuss its application to the detection of mechanical motion, and show that the sensitivity is significantly enhanced in the vicinity of the transition point from unbroken-to broken-PT regimes. We believe that our results open a new direction for PT -symmetric physical systems and it may find use in ultra-high precision metrology and sensing.
Introduction.-The measurement of physical quantities with high precision is the subject of metrology. This has attracted much attention due to the increasing interest in, e.g., gravitational wave detection [1] , sensing of nanostructures [2, 3] , as well as global positioning and navigation [4, 5] . Developments in metrology over the past two decades have provided the necessary tools to determine the fundamental limits of measuring physical quantities and the resources required to achieve them [6, 7] .
Among many different approaches, cavity-assisted metrology (CAM), where a high-quality (Q) factor cavity or resonator is coupled to a device under test (DUT), has emerged as a versatile and efficient experimental approach to achieve high-precision measurements. In CAM, the coupling between the resonator and the DUT manifests itself as a back-action-induced resonance frequency shift, resonance mode splitting, or a sideband in the output transmission spectrum [8] . Cavity-assisted metrology has been successfully applied for reading out the state of a qubit [9] , measuring tiny mechanical motions [10, [12] [13] [14] [15] [16] [17] 42] , and detecting nanoparticles with single-particle resolution [18, 19] .
The readout signal (i.e., the transmission spectrum) of CAM is determined by the sum between the background spectrum of the cavity and the back-action spectrum of the DUT. The background spectrum is determined by the Q of the cavity whereas the back-action spectrum is determined by the strength of the cavity-DUT coupling (also dependent on Q) and the quantity to be measured. A broad background spectrum masks the back-action spectrum and decreases signal-to-noise ratio (SNR) [ Fig. 1(a) ]. A higher coupling-strength between the cavity and the DUT and a higher Q of the cavity will be helpful to detect very weak signals and enable to resolve fine structures in the output spectra [ Fig. 1(b) ]. A higher Q is also necessary to enhance the coupling strength between the cavity and the DUT. For example, for optomechanical resonators, the detection of tiny motions requires a strong optomechanical coupling, which is only possible with an high Q-factor. Therefore, CAM will benefit significantly from a narrower background spectrum which is fundamentally limited by the material absorption loss of the cavity. Techniques that will help to reach the fundamental detection limit and measure very weak signals with existing cavities are being actively sought.
We show that the performance of CAM is significantly enhanced if the passive cavity (i.e., lossy; without optical gain) of the CAM is coupled to an auxiliary cavity with optical gain (i.e., active cavity) that balances the loss of the passive cavity. Such coupled systems with balanced gain and loss are referred to as parity-time (PT ) symmetric systems [20] , which have been widely studied both theoretically [21] [22] [23] [24] [25] [26] [27] [28] [29] and experimentally [30] [31] [32] [33] [34] [35] [36] [37] [38] . As a specific application of PT -CAM, we show the enhancement in the detection of the motion of a nanomechanical resonator in the proximity of the passive microcavity of the PT -CAM. The enhancement is significant in the vicinity of the PT -phase transition point through which the system transits from broken-to unbroken-PT symmetry and vice versa. The mechanism for the enhancement of the measurement sensitivity in our system is attributed to two features. First, due to gain-loss balance we have almost lossless (extremely high-Q) supermodes and hence much narrower background spectrum. Thus, it becomes easier to resolve sideband induced by the DUT. Second, effective interaction strength between the optical modes and the DUT is significantly enhanced thereby allowing detection of very weak perturbations in the DUT.
Cavity-assisted metrology (CAM) with PT -symmetric microcavities.-The traditional CAM system is composed of a lossy resonant optical cavity coupled to a DUT [ Fig. 1(a) ]. The interaction Hamiltonian is given by H int = ga † az, where a is the annihilation operator of the cavity; z is the DUT's observable being measured; and g is the coupling strength between the DUT and the cavity. In order to realize the PT -CAM, an active cavity is directly coupled to the lossy cavity connected [ Fig. 1(b) ]. Here we consider the PT -symmetric optical microcavities discussed in Ref. [38] , where the inter-cavity coupling strength is controlled by the distance between the cavities, and the gain-to-loss ratio of the cavities is adjusted by the power of the optical pump of the active cavity. The Hamiltonian describing this PT -CAM is
where c is the annihilation operator of the active cavity; κ and γ, respectively, denote the loss and gain rates of the passive and active cavities; g 1 is the inter-cavity coupling strength; and ∆ corresponds to the effective frequencies of the two cavities.
Without the interaction term ga † az, Eq.(1) accounts for the coupling between the optical modes of the microcavities and leads to two supermodes a ± that are described with the complex frequencies ω ± = Ω ± − iΓ ± = ∆ − iχ ± β, where β = g 2 1 − Γ 2 , χ = (κ − γ)/2, and Γ = (γ + κ)/2. Clearly, β experiences a transition from a real to an imaginary value and vice versa at Γ = g 1 , where β = 0. At the transition point, the complex eigenfrequencies coalesce, that is ω ± = ∆ − iχ.
For Γ < g 1 , β is real (denoted as β = β r ) and hence the complex eigenfrequencies of the supermodes become ω ± = ∆ ± β r − iχ, implying that two supermodes have different resonance frequencies [i.e., Ω − = Ω + ] but the same damping rates and linewidths [i.e., Γ ± = χ]. The separation of resonance frequencies is then given by 2β r . However, for Γ > g 1 , β is imaginary, that is β = iβ r and hence the complex eigenfrequencies of the supermodes become ω ± = ∆ − i(χ ∓ β r ), implying that two supermodes are degenerate in their resonance frequencies [i.e., Ω ± = ∆] but have different damping rates and linewidths quantified by Γ ± = χ ∓ β r .
When the gain γ of the active cavity balances the loss κ of the passive cavity, β = 0 corresponds to a PTphase transition point, where the supermodes coalesce, and χ becomes zero, implying a lossless system. The regime defined by Γ < g 1 corresponds to a PT -symmetric phase, where the lossless supermodes are split by 2β r . Normalized background spectra Sa(ω) of a single cavity (red dashed curve) and the PT -symmetric cavities in the broken-PT regime (blue curve) and the PT -symmetric regime (green curve with circular marks). The background spectrum is narrowed by the gain-loss balance of PT -symmetric structure, and, in the PT -symmetric regime, the background spectrum shows splitting.
The regime defined by Γ > g 1 denotes the broken PTphase where the supermodes have the same resonance frequencies, but one of them becomes lossy and the other becomes amplifying.
Rewriting the non-Hermitian Hamiltonian (1) in the supermode picture, we find that the effective coupling strength between the supermodes and the DUT can be written as [39] 
Clearly, in the vicinity of the transition point g 1 = Γ, the effective coupling strength g eff is significantly larger than g. Therefore, the sensitivity is drastically enhanced near the transition point.
The mechanism of the PT -enhanced sensitivity can be seen in a more quantitative manner by calculating the output spectrum. Intuitively, the gain-loss balance of the PT -symmetric system makes the background spectrum narrower, and the cavity with gain in the PT sys-tem, which works as a dynamical amplifier, amplifies the back-action spectrum of the DUT and thus increases the sensitivity of the measurement. In the regime of weak coupling between the cavity and the DUT, we can omit the back-action of the cavity on the DUT. Then the normalized spectrum can be written as [39] 
Here S a (ω) is the single-cavity background Lorentz spectrum calculated by setting the inter-cavity coupling strength g 1 = 0. Here S z (ω) = F f (t)F −1 S zo (ω) is the back-action spectrum from the DUT, with S zo (ω) representing the spectrum of the DUT, and F and F −1 are the Fourier and inverse Fourier transforms, respectively. The time-domain function f (t) is a form factor that will broaden the back-action spectrum [39] .
Equation (3) implies that the PT structure and the presence of the interaction between the lossy cavity and the DUT give rise to an amplification factor A(g 1 , g) acting on the back-action spectrum S z (ω) [see Fig. 1(c) ]. In the PT -breaking regime, when g 1 increases, A(g 1 , g) first increases slowly from a very small value and then, near the PT phase transition point, A(g 1 , g) increases very sharply, reaching a very high value. When g 1 is further increased and the system enters the PT -symmetric regime, the amplification factor A (g 1 , g ) drops sharply to a small value and continues decreasing, albeit with very slow rate as g 1 is increased.
In Fig.1(d) we show the background spectrum S a (ω) for a lossy cavity (red dashed curve) and for a PT structure in the PT -symmetric (green curve with circles) and in the broken-PT -symmetric regimes (blue curve). Clearly, due to the presence of gain, the susceptibility coefficient G(ω) reshapes S a (ω), leading to a background spectrum which is significantly narrower than that of a single lossy cavity. Note that in the PT -symmetric regime, the background spectrum is split into two due to the strong coupling between the cavities, and that split resonance peaks seen in the spectrum is narrower than the resonance of the single lossy cavity. Combining the narrower background spectrum S a (ω) in a PT structure with the very high amplification factor in the vicinity of the PT -phase transition point will certainly lead to a significantly enhanced sensitivity for the CAM.
Optomechanical transducer by PT breaking.-Here let us discuss an optomechanical transducer operated in the vicinity of the PT -phase transition point. We consider that the lossy cavity of the PT structure supports a mechanical mode. The Hamiltonian of this PT optomechanical system is obtained from Eq. (1) by replacing the operator z by b + b † , where b is the annihilation operator of the mechanical mode. Similar to Eq. (3), we can obtain the output spectrum of this PT optomechanical system and compare it with the single-cavity case [see Fig. 2 
(b)]
Here, let us consider a particular PT -symmetric optomechanical transducer realized by microtoriod resonators showed in Fig. 2(a) . This PT -metrology system 3+ -doped silica microtoriod (red; active). The two-microtoriod setup is coupled to a mechanical oscillator, e.g., a nanomechanical beam or a cantilever, via the optical evanescent field.(b) The output spectra of optomechanical transducers for ωm/κ = 0.3: single-cavity (red dashed curve), PT -system in the vicinity of the transition point (blue curve), and two-lossy-cavity system in the vicinity of exceptional point (EP) (green curve with star marks). (c) The displacement spectral densities Sxx,PT(ωm) and Sxx,EP(ωm) of the PT -optomechanical transducer (blue curve) and the two-lossy-cavity transducer (green curve with star marks) normalized by the single-cavity displacement spectral density S xx,single (ωm) when ωm/κ = 0.3. The measurement sensitivity is enhanced for at least two order of magnitude by the PT optomechanical transducer near the transition point, i.e., Sxx,PT(ωm)/S xx,single (ωm) < 10 −2 , and the PT -system performs much better than the EP-system due to the gain-loss balance of PT structure.
consists of two coupled microtoriod-resonators, where one is a silica microtoriod which acts as a passive cavity and the other is a Er 3+ -doped silica microtoriod which is taken as the active cavity [38] . The microtoriod-based PT -metrology system is used to detect the tiny motion of the mechanical oscillator, e.g., a nanomechanical beam or cantilever, via the optical evanescent field of the passive microtoroid [40] . In order to clearly show the differences between PT and a single-lossy-cavity optomechanics, we carried out numerical simulations using experimentally accessible values of system parameters: ∆ = 0, ω m = 6 MHz, κ = 20 MHz, γ m = 0.2 MHz, γ = 16 MHz, g 1 = 19.8 MHz, and g = 5 MHz. Since we have deliberately chosen the optomechanical coupling strength g very small, the susceptibility coefficient of the singlecavity optomechanical system becomes very small, and thus the back-action spectrum of the mechanical oscillator is masked by the background spectrum of the cavity [see red dashed curve in Fig. 2(b) ]. The output spectrum of the PT -symmetric transducer [blue curve in Fig. 2(b)] shows two distinct features originating from the gainloss balance and the amplification mechanism. First, the background spectrum is narrower and the resonance peak located at ω/ω m = 0 has a higher value than the single loss-cavity peak. Second, the back-action spectrum of the mechanical motion is clearly seen as a sideband peak sitting on the background spectrum at ω/ω m = 1. One can also see the second-order mechanical sideband as a smaller peak located 2ω m away from the main peak of the background spectrum. These confirm that the PTsymmetric structure operated in the vicinity of the PTphase transition point has the potential ability to detect very weak mechanical motion.
To show the enhancement of the measurementsensitivity by the PT -symmetric structure, we compare the displacement spectral densities S xx,PT (ω) and S xx,single (ω) of the PT -symmetric transducer and the single-lossy-cavity transducer. In fact, the displacement spectral density S xx,PT (ω) and the backaction force spectral density S FF,PT (ω) of the PT optomechanical transducer can be calculated as [39, 42] :
where P in is the input power. It can be shown that S xx,PT (ω) and S FF,PT (ω) satisfy the Heisenberg inequality [43] : S xx,PT (ω)S FF,PT (ω) ≥ /2, which means that it is possible to obtain a smaller displacement spectral density when we increase the backaction force spectral density. As shown in Eq. (4), the displacement spectral density S xx,PT (ω) is proportional to the decay rate Γ − of the supermode and inversely proportional to the square of the effective optomechanical coupling strength g eff . Since g eff can be efficiently increased in the vicinity of the PT -transition point [see Eq. (2)] and the damping rate Γ − of the supermode will be decreased by the gain-loss balance of the PT -symmetric structure, thus the displacement spectral density S xx,PT (ω) of the PT optomechanical transducer will beat those limits given by the single-cavity case. This is confirmed by the numerical results shown in Fig. 2 . Here S xx,PT (ω) can be more than two-order of magnitude smaller than the displacement spectral density S xx,single (ω) of the single cavity. Finally to show the effect of the presence of the gain in the structure, we compare the sensitivity of a system, formed by two coupled lossy cavities having loss rates of κ 1 and κ ≥ κ 1 with that of the PT -symmetric system formed by coupling a lossy cavity of loss rate κ with a gain cavity of gain rate γ [39] . Note that the loss rates of the cavities coupled to the mechanical mode is the same (i.e., κ) for both systems. For the system formed by two lossy cavities, there also exists a degenerate point where the eigenfrequencies and the corresponding eigenstates of the system coalesce. This transition point is generally known as the exceptional point (EP) and has been studied in detail within the field of non-Hermitian Hamiltonian [44] .
For such a system the EP takes place at g 1 = (κ − κ 1 )/2. In the vicinity of an EP, we have g eff ≫ g, as can be deduced from Eq. (2). For g 1 > (κ − κ 1 )/2, the supermodes are split by 2 g 2 1 − (κ − κ 1 ) 2 /4 but have the same damping rates (κ + κ 1 )/2, whereas for g 1 < (κ − κ 1 )/2, the supermodes are degenerate at frequency ∆ but have different damping rates (κ + κ 1 )/2 ∓ (κ − κ 1 ) 2 /4 − g 2 1 . Similar to the analysis for the PT -system, we derived the output spectrum in the vicinity of the EP and the amplification factor [39] . We find the ratio of the amplification factor of the PT -system to the two-lossy-cavity system to be 4γ 2 (κ + κ 1 )/(κ − γ) 3 , which implies that the amplification factor of the PT -system is higher and the ratio approaches infinite if the gain-to-loss ratio in the PT -system is well-balanced. In Fig. 2(b) , we see that the normalized spectrum for the two-lossy-cavity (curve with green stars) is similar to that of the single-cavity system when the damping rates of the cavities are the same, and thus the back-action spectrum of the mechanical motion cannot be detected by the two-lossy-cavity. We also compare the displacement spectral density of PT -system with that of EP-system in Fig. 2(c) . We can observe similar decrease of the displacement spectral density for PT and EP systems near the transition point, but the PT -system performs much better because the effective damping rate of the PT -system is much smaller due to the gain-loss balance of the PT -symmetric structure.
Conclusion.-We have proposed PT -metrology as a efficient approach to improve the sensitivity and detection limit of cavity-assisted metrology beyond what is attainable in the conventional settings, where the system to-be-measured is coupled to a lossy cavity. In PTmetrology a second cavity with gain is coupled to the lossy cavity to compensate its loss, thereby increasing the quality factor of the effective optical mode that is used to detect the weak signal, and enhancing the effective coupling strength between the cavity and the DUT. The enhancement is remarkable especially in the vicinity of the transition point where the supermodes of the system coalesce in their frequencies, and can be further enhanced as the gain-to-loss ratio approaches 1. We have showed that it is possible to realize an ultra-sensitive optomechanical transducer whose sensitivity is at least two order of magnitude better than the conventional single-cavity optomechanical transducers. We believe that this approach can be used for improving the performance of nanoparticle sensors [45] , navigation systems, gravity-wave detectors and other cavity-assisted detection schemes.
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